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Abstract
Given a non-maximally entangled state, an operationally significant question is to
quantitatively assess as to what extent the state is away from the maximally entangled
state, which is of importance in evaluating the efficacy of the state for its various uses as
a resource. It is this question which is examined in this paper for two-qubit pure entan-
gled states in terms of different entanglement measures like Negativity(N), Logarithmic
Negativity(LN) and Entanglement of Formation(EOF). Theoretical estimates show that
percentage deviations from the maximally entangled state of any given entangled state,
quantified by N vis-a˜-vis EOF, can differ quite appreciably, even up to ∼ 15 % for states
further away from the maximally entangled state, while for LN vis-a˜-vis EOF, the maxi-
mum value of this difference is around 23 %. This analysis is complemented by illustration
of these differences in terms of empirical results obtained from a suitably planned experi-
mental study. Thus, such appreciable amount of quantitative non-equivalence between the
entanglement measures in addressing the experimentally relevant question considered in
the present paper highlights the requirement of an appropriate quantifier for such intent.
We indicate directions of study that can be explored towards finding such a quantifier.
I Introduction: Background and Motivation
Entanglement lies at the core of Quantum Foundational studies leading to Information Theo-
retic applications and forms the bedrock of Quantum Computation. One of the key concepts
used for studying entanglement is what is known as Entanglement Measure(EM) which is in-
voked for quantifying entanglement. For this purpose, different EMs have been proposed. It
was first argued by Bennett et al. [1] that a valid EM should satisfy the criterion of being non-
increasing under local operations and classical communication(LOCC). Here, it was shown that
Entanglement of Formation(EOF), intended to quantify the resources needed to create a given
entangled state, satisfies this criterion; for bipartite pure states, this quantity is given by the
von Neumann entropy of reduced density matrix relevant to either Alice or Bob, also known
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as Entanglement Entropy. Further justification of the above mentioned EM criterion from
thermodynamic considerations was given by Popescu et al. [2], followed by a comprehensive
analysis due to Vidal [3] who argued that only one EM is not sufficient to completely quantify
entanglement of pure states for bipartite systems. Subsequently, Vidal and Werner [4] intro-
duced Negativity (absolute value of the sum of negative eigenvalues of the partial transpose of a
bipartite state) as a valid EM showing that it is an entanglement monotone, i.e., nonincreasing
under LOCC. Derived from Negativity(N), another quantity called Logarithmic Negativity(LN
= log2(2N + 1)) was also defined as EM [4] exhibiting a form of monotonicity under LOCC
(non-increasing under deterministic distillation protocols) and signifying an upper bound of
distillable entanglement. In a separate work, for bipartite qubit states, Wootters [5] expressed
EOF as a monotonic function of a quantity called ‘Concurrence’ and argued that Concurrence
can also be regarded as a measure of entanglement. Note that, for bipartite pure qubit states,
Concurrence is twice of Negativity [6], thus implying that EOF is also a monotonic function of
N and LN for such states. The Fig. 1 below shows the comparison of different entanglement
measures for a two qubit pure state: |ψ〉 = c0|00〉 + c1|11〉, where c0 and c1 are the Schmidt
coefficients. It is worth noting that a) Concurrence and twice Negativity, and b) Entanglement
of Formation and Entanglement Entropy match with each other. Thus, in this work, we will
be considering essentially two-qubit pure states, focusing on N, LN and EOF as the relevant
EMs as these are the ones which do not overlap.
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Figure 1: A comparison of different entanglement measures for two-qubit pure states.
From the above Fig. 1, it can be seen that although for any given two qubit pure state, the
values of N, LN and EOF differ among themselves, these EMs are monotonic with respect to
each other. Hence, for comparing the amount of entanglement of two qubit pure states, N, LN
and EOF are all equivalent in the sense that all these EMs give the same result in answering the
question as to whether a given two qubit pure state is more (less) entangled than any other state.
On the other hand, in this paper, an operationally relevant different question is addressed; i.e.,
of quantifying the percentage deviation of a given state from the maximally entangled state- it
is in this context we consider the issue of comparison between the various EMs. To this end,
in Section II, by appropriately defining the measures of such percentage deviations in terms
of N, LN and EOF respectively, we present theoretical estimates of the relevant quantities for
the general class of two-qubit pure states by varying the values of the Schmidt coefficients.
This thorough study reveals a considerable amount of disagreement between the computed
measures of percentage deviations from the maximally entangled state using N, LN and EOF
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respectively. A complementary line of study of this issue is then presented in Section III by
considering a range of states produced in a relevant experimental study for which the quantities
N, LN and EOF are determined from the density matrix reconstructed using quantum state
tomography. The results obtained in this way confirm significant quantitative non-equivalence
between these EMs in capturing the extent to which a given non-maximal entangled state is
deviating from the maximally entangled state. This finding, therefore, underscores the need for
identifying an appropriate quantifier for addressing such an empirically relevant question even
in the simplest case of 2 × 2 composite systems. In Section IV, we discuss possible directions
of study for addressing this issue based on the ideas of ‘distance measures’ between quantum
states that have been suggested, as well as a line of study is outlined in terms of the deviation
of the maximum value of the violation of Bell-CHSH inequality for a given state from that
corresponding to the maximally entangled state. Further, indications have been given about
the way the results obtained from such studies can be compared with those obtained from
different EMs. This is followed by concluding remarks in Section V.
II Theoretical study of the deviation of any given state
from the maximally entangled state using different
entanglement measures
By Schmidt decomposition, any general pure two-qubit state can be written as
|ψ〉 = c0 |0〉 |0〉+ c1 |1〉 |1〉 , (1)
where c0 and c1 are the Schmidt coefficients and satisfy 0 ≤ c0, c1 ≤ 1 and c20 + c21 = 1. The
state (1) is separable for c0, c1 = 0, 1 and entangled otherwise.
The three EMs discussed above for a two-qubit pure state are given by
N = c0c1, (2a)
LN = log2(2c0c1 + 1), (2b)
EOF = −c20 log2 c20 − c21 log2 c21. (2c)
In order to quantify the deviation of a given state from the maximally entangled state, the
following parameters are defined as measures of fractional deviations in terms of the quantities
N, LN and EOF whose maximum values for the maximally entangled state are 0.5, 1, and 1,
respectively.
QN = ((0.5−N)/0.5), (3a)
QL = (1− LN), (3b)
QE = (1− EOF ). (3c)
Note that all the above parameters range from 0 to 1, with 0 for the maximally entangled
state and 1 for the separable state. For quantifying the extent to which these three EMs
differ from each other, the following quantities are defined as absolute differences between the
respective fractional deviations.
∆QNL = |QN −QL|, (4a)
∆QEL = |QE −QL|, (4b)
∆QNE = |QN −QE|. (4c)
Different values of the quantities QN , QL, QE , ∆QNL, ∆QEL, and ∆QNE corresponding to
different values of Schmidt coefficients have been incorporated in Table 1 as percentage values.
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Table 1: Differences between the respective fractional deviation parameters for different EMs
given as percentage values.
c0 N LN E QN(%) QL(%) QE(%) ∆QNL(%) ∆QEL(%) ∆QNE(%)
0.1 0.099 0.262 0.081 80.10 73.82 91.92 6.28 18.10 11.82
0.2 0.196 0.477 0.242 60.81 52.29 75.77 8.52 23.48 14.96
0.4 0.367 0.793 0.634 26.68 20.66 36.57 6.02 15.91 9.89
0.7 0.499 0.999 0.999 0.02 0.01 0.03 0.01 0.01 0.01
0.7071 0.5 1 1 0 0 0 0 0 0
0.8 0.480 0.971 0.943 4.00 2.91 5.73 1.09 2.82 1.73
0.9 0.392 0.836 0.701 21.54 16.44 29.85 5.10 13.41 8.31
It is evident from Table 1 that the percentage deviations are different for different EMs. For
example, for a state with c0 = 0.4 (where c0 = 0.7071 corresponds to the maximally entangled
state), its percentage deviation from the maximally entangled state is 26.68 % when N is used to
quantify entanglement; the percentage deviation is 20.66% when LN is used to quantify entan-
glement, and is 36.57 % when one uses EOF. Thus, in this case, the differences in the percentage
deviations are, respectively, given by ∆QNL = 6.02 % , ∆QEL = 15.91 %, and ∆QNE = 9.89 % .
Numerical study by optimization of the Schmidt coefficients to find the maximum deviations
in ∆Q leads to the following results:
i. Maximum value of ∆QNL is 8.6071% , corresponding to the states with c0 = 0.227 &
0.974.
ii. Maximum value of ∆QEL is 23.5703% , corresponding to the states with c0 = 0.217 & c0
= 0.976.
iii. Maximum value of ∆QNE is 14.9850% , corresponding to the states with c0 = 0.210 & c0
= 0.978.
Note that the disagreement between the values of ∆Qs increases for the states further away
from the maximally entangled state, reaching a maximum value and then decreases for the
states getting closer to the separable states. Now, in order to analyze the way the above men-
tioned differences between the deviation parameters occur, we obtain the following results by
studying the derivatives of different EMs with respect to the Schmidt coefficient c0 character-
izing the two-qubit pure state:
The derivative of N with respect to c0 is given by
dN/dc0 =
1− 2c20√
1− c20
. (5)
The derivative of LN with respect to c0 is given by
dLN/dc0 =
2(1− 2c20)√
1− c20 [2c0
√
1− c20 + 1] ln(2)
. (6)
The derivative of E with respect to c0 is given by
dE/dc0 =
2c0 log2[(1− c20)/c20]
ln(2)
. (7)
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Figure 2: (a) This figure illustrates the variation of different entanglement measures with respect
to the state parameter c0. (b)This figure shows how the fractional deviations of given state from
the maximally entangled state calculated using different entanglement measures N, LN and EOF
vary with respect to the state parameter c0. (c) This figure illustrates the differences in the
fractional deviations of the respective states from the maximally entangled state, calculated using
different entanglement measures N, LN and EOF by varying the state parameter c0. (d) This
figure shows how the absolute values of the derivatives of different entanglement measures; 2N,
LN and EOF with respect to state parameter c0, vary with c0.
It can then be seen that the values of 2N, LN and EOF increase with c0 starting from 0 and
reach their respective maximum values corresponding to the maximally entangled state when
c0 is 1/
√
2 and then start decreasing with further increasing values of c0. Note that although
the values of 2N, LN and EOF start from 0, the quantity LN kicks off rapidly due to the higher
value of its derivative with respect to the state parameter c0 as compared to that of N and
EOF. Hence, for any c0, the quantity LN is always greater than 2N and EOF, and has least
deviation from the maximally entangled state. On the other hand, for any value of c0, EOF
is always less than 2N and LN, and has the highest deviation from the maximally entangled
state. These features are illustrated in Figs. 2(a), (b), (c) and (d).
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III Experimental study of the deviation of the prepared
state from the maximally entangled state using dif-
ferent entanglement measures
Polarization entangled photon pairs are produced by the second order non-linear optical process
of Spontaneous Parametric Down-Conversion (SPDC) in a two-crystal geometry [7]. A 100 mW,
Continuous Wave (CW) diode laser having central wavelength at 405 nm and a bandwidth of 1.2
nm (405 nm Cobolt-06-01-Series) was used as the pump laser. Two type-1 BBO (β−BaB2O4)
crystals in sandwich configuration (5 × 5 × 0.5 mm3 each from Castech Inc., China) having
their optic axis orthogonal to each other and phase matched at θ = 28.9o and φ = 0o with half
opening angle of the cone equal to 3o was used for producing entangled photon pairs. Schematic
of the experimental set up is shown in Fig. 3 below.
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Figure 3: Schematic of the experimental apparatus (not to scale) for preparation of SPDC based
type-I polarization entangled photon source using two crystal geometry and characterization us-
ing quantum state tomography. Different symbols have the following meaning: P, polarizing
beam splitter; Q, quarter wave plate; H, half wave plate; NLC, non-linear crystal; TC, tem-
poral compensator; L, plano-convex lens; M, mirror; BPF, bandpass filter; AL, aspheric lens;
SMF, single mode fiber; SPAD, single-photon avalanche diode; and TT, time tagger unit or
coincidence module.
The pump beam is passed through a half-wave plate (HWP) and PBS to get pure H-polarized
laser beam. This laser beam is then passed through a HWP (H1) with fast axis oriented at an
angle θ with respect to vertical, which prepares the pump polarization state to be inputted to
the BBO crystals for the preparation of different entangled states.
|H〉 HWP at θ−−−−−−→ sin(2θ)|H〉+ cos(2θ)|V 〉 = α|H〉+ β|V 〉. (8)
The generation of entangled photons through SPDC process in a two-crystal geometry can be
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represented as follows:
α|H〉+ β|V 〉 1st Crystal−−−−−−−−→
OA in H-plane
α|He〉+ β|V o〉 SPDC−−−→ ηα|V V o〉+ β|V o〉,
2nd Crystal−−−−−−−−→
OA in V-plane
ηα|V V e〉+ β|V e〉 SPDC−−−→ η [α|V V e〉+ β|HHo〉] ,
(9)
where η denotes the efficiency of down-conversion of a pump photon into a pair of lower energy
photons, and OA stands for optic axis of the crystal. The superscripts e and o represent
extraordinary and ordinary rays, respectively.
The SPDC photons created in the first crystal get delayed compared to those created in the
second crystal, thus giving rise to temporal distinguishability leading to drop in the quality of
entanglement. This temporal delay is pre-compensated [8] using another type-I BBO crystal
(TC) of thickness 1.6 mm. The SPDC photons are then passed through a Quantum State To-
mography (QST) set up [9] consisting of quarter-wave plate, half-wave plate and PBS on either
side and collected through single mode fiber using aspheric lens and 810-10 nm band pass filter
used for spectral filtering. These photons are then detected by single photon detectors and
36-coincidence measurements are performed for acquisition time of 60 s. These measurements
correspond to the projections in different bases that are required in QST for the state recon-
struction. The maximum-likelihood estimation (MLE) is used to get the physical state (density
matrix) from the QST data which is expected to have some experimental imperfections.
Here, we have prepared three different two-qubit entangled states (three sets each) for pump
HWP oriented at 23.1o (State-I), 13.1o (State-II) and 9.1o (State-III). These states have average
purity (where purity is denoted by P and defined as Tr[ρ2], ρ being the density matrix of the
system) better than 95.7%. The representative 3D plots of the density matrices reconstructed
through QST and MLE are shown in Fig. 4 below.
In order to quantify the percentage mutual disagreement between two entanglement mea-
sures, say M1 and M2, with each other for the experimentally reconstructed states, we define
the quantity δQM1M2 as follows:
δQM1M2 =
|M1 −M2|
M1
× 100, (10)
where normalization is done with respect to the entanglement measure with higher value. For
Negativity, we use 2N in this definition so that all the measures are normalized to one.
Properties of different experimentally prepared states; Purity, entanglement measures and
their respective deviations from the maximally entangled state are summarized in the Table 2
below. The statistical error due to reconstruction occurs in the third decimal place (indicated
in parentheses in the Table 2 below) for P, 2N, LN and E. Thus, statistical errors in other
derived quantities would also be of the same order.
Table 2: Comparison tables for the properties of experimentally prepared entangled states.
State 2Nideal Pexpt 2Nexpt LNexpt Eexpt QL (%) QN (%) QE (%)
I 0.999 0.961(5) 0 0.960(5) 0.971(4) 0.944(6) 4.01 2.93 5.57
II 0.792 0.957(4) 0.749(9) 0.808(7) 0.663(12) 25.07 19.32 33.68
III 0.593 0.958(2) 0.547(3) 0.629(3) 0.413(5) 45.32 37.07 58.70
State ∆QNL(%) ∆QNE(%) ∆QEL(%) δQNL(%) δQNE(%) δQEL(%)
I 1.09 1.55 2.64 1.12 1.62 2.72
II 5.75 8.61 14.36 7.12 11.49 17.79
III 8.25 13.39 21.64 13.11 24.48 34.38
7
(a) State-I density matrix having P=0.966, N=0.964.
(b) State-II density matrix having P=0.962, N=0.759.
(c) State-III density matrix having P=0.960, N=0.544.
Figure 4: Representative 3D plots of the experimentally reconstructed density matrices.
It is evident from the experimentally prepared states considered here that δQEL > δQNE >
δQNL. For states further away from the maximally entangled state, the mutual disagreement
between the δQs increases. Similarly, ∆QEL > ∆QNE > ∆QNL. Further, for the State-III,
the values of ∆QNL, ∆QEL, and ∆QNE are very close to the maximum deviation obtained by
numerical optimization, albeit with small impurity in the experimental states. These observa-
tions are in close agreement with the expectations from the analytical results obtained in the
theory section.
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IV Outlook
The appreciable quantitative non-equivalence between different EMs in estimating the percent-
age deviation of a given state from the maximally entangled state, exhaustively shown in this
paper using both theoretical and experiment based analyses, underscores the need for an appro-
priate quantifier for addressing such empirically relevant questions which are of significance for
estimating the efficacy of a given entangled state for its various applications. In this context,
we recall that the concept of ‘distance measures’ has been suggested for quantifying ‘distance’
or deviation from the separable state in two different ways; one of which is in terms of relative
entropy of entanglement[10] and the other using the notion of ‘robustness’ [11] in terms of the
noise that is required to be added to a given state to make it a separable state. Taking clue
from such studies, one line of study may be to try to formulate suitable ‘distance measures’ for
capturing deviation from the maximally entangled state and compare that with the relevant
estimates obtained using different entanglement measures. On the other hand, one can take
cue from the concept of ‘teleportation distance’ that has been used to quantify the degree of
performance of the resource channel used for teleportation [4], where distance of the teleported
state from the target state has been quantified. Adapting this measure by replacing the target
state with the maximally entangled state and using the Euclidean norm, one may consider
invoking the following measure as a geometric measure of distance to signify how far a given
state (ψ) is from the maximally entangled state (ψmax)
D = || |ψ〉 〈ψ| − |ψmax〉 〈ψmax| ||. (11)
where the Euclidean norm for a density matrix A, ||A|| used above is given by √tr(AA†). The
numerical study in this case by varying values of the state parameter c0 shows that the above
mentioned distance measure D provides an upper bound to the fractional deviation of states
from the maximally entangled state calculated using N and LN; i.e.,
D ≥ QN , QL. (12)
However, there are states for which the fractional deviation from the maximally entangled state
in terms of EOF, i.e., the quantity QE is greater than D, thus, restricting the use of D as an
upper bound of such fractional deviation using EOF. These features pertaining to the distance
measure D from the maximally entangled state are illustrated in Fig. 5.
Another possible approach is in terms of the notion of fidelity as a distance measure between
pure states, using Bures measure (BM) given by [12]
BM =
√
2− 2(〈ψ|ψmax〉)2. (13)
Interestingly, the results obtained from BM exactly match with those obtained from D and
hence the relation given by Eq.(12) also holds good for BM.
A line of study different from the above mentioned approaches in terms of ‘distance mea-
sures’ could be from the operational perspective of the use of quantum entanglement as re-
source; in other words, one may try to assess how close a non-maximally entangled state is to
the maximally entangled state in terms of how useful it is as a resource. For example, in the
context of demonstrating non-locality, in order to quantify the fractional deviation of a given
non-maximally entangled state from the maximally entangled state, one may compute the max-
imum quantum mechanical violation of the Bell-CHSH inequality (BV ) for the given state and
estimate its fractional deviation from its maximum value (BV )max = 2
√
2−2 which is achieved
for the maximally entangled state. Note that for a given two qubit pure state characterized by
the Schmidt coefficients c0 and c1, BV for the two outcomes-two settings scenario is given by
[13–15]
BV = 2
√
1 + (2c0c1)2 − 2. (14)
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Figure 5: This figure illustrates that the curve for the distance measure D provides an upper
bound to the fractional deviation curves for N and LN, but not for EOF, since there is a range
of states for which the fractional deviation curve for EOF is not upper bounded by the curve
related to D.
Now, similar to the other fractional deviation parameters defined in Section II, here we define
the following parameter as a measure of the fractional deviation of BV from its value (BV )max
for the maximally entangled state.
QBV =
(BV )max −BV
(BV )max
. (15)
Note that the values of QBV range from 0 to 1, with 0 for the maximally entangled state
and 1 for separable state. A numerical study of QBV by varying values of the state parameter
c0 shows an interesting result that for any non-maximally entangled state, this fractional devi-
ation parameter is greater than the other such fractional deviation parameters evaluated using
different entanglement measures like N, LN and EOF; i.e.,
QBV ≥ QN , QL, QE, (16)
where the equality holds good for the maximally entangled state and separable states.
This means that the measure of deviation of a given non-maximally entangled state from the
maximally entangled state as quantified by the parameter QBV is always greater than that
obtained from different EMs. For example, for a state with c0 = 0.4, the fractional deviation of
BV from its value corresponding to the maximally entangled state in percentage is 42.06%; while
the fractional deviations of N, LN and EOF from their values corresponding to the maximally
entangled state in percentages are 26.68%, 20.66% and 36.57% respectively. Illustration of this
feature provided in Fig. 6, thus, suggests nuances in the quantitative relationship between
entanglement measures and the amount of non-locality shown by the Bell-CHSH violation
present even in the simplest two outcomes - two settings scenario involving two qubit pure
states; on the other hand, aspects of quantitative non-equivalence between entanglement and
non-locality have so far been discussed essentially for high dimensional systems or scenarios
involving larger number of settings [16–19].
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Figure 6: This figure shows that the fractional deviation curve for the quantity BV provides an
upper bound to the other fractional deviation curves corresponding to the quantities N, LN and
EOF, signifying that in terms of the amount of Bell-CHSH violation, any given state is fur-
ther away from the maximally entangled state than that estimated using different entanglement
measures.
V Concluding Remark
In sum, the striking quantitative non-equivalence between different entanglement measures in
quantifying the deviation from the maximally entangled state demonstrated in the present pa-
per, together with the discussion in the preceding section, bring out the need for exploring
different ideas for quantifying the ‘distance’ of a given entangled state from the maximally
entangled state and probing the relationship of such quantifiers with different entanglement
measures, leading to the following question : Is there any fundamental criterion for assessing
which quantifier is the appropriate one to be used for addressing questions such as the one
posed in this paper, or whether such a criterion would have to be operationally defined essen-
tially dependent on the specific context in which the entangled state is used as a resource? A
comprehensive study is required for shedding further light on this issue.
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